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Abstract
Let D be an integral domain with quotient field K , ∗ a star-operation on D, X a nonempty set of
indeterminates over D, and N∗ = {f ∈ D[X] | (Af )∗ = D}. For a nonzero fractional ideal I of D,
let I∗w = {x ∈ K | xJ ⊆ I for J a nonzero finitely generated ideal of D with J ∗ = D}; then ∗w is a
finite character star-operation on D. We prove that D is a ∗w-Noetherian domain if and only if each
prime ∗w-ideal of D is of finite type, if and only if D[X]N∗ is a Noetherian domain. We also study
the ∗-global transform, ∗-linked overrings, and the ∗w-integral closure of a ∗w-Noetherian domain.
 2005 Elsevier Inc. All rights reserved.
1. Introduction
Let D be an integral domain with quotient field qf(D) = K , and let F(D) be the set of
nonzero fractional ideals of D. A star-operation ∗ on D is a mapping I → I ∗ from F(D)
into F(D) which satisfies the following conditions for all 0 = a ∈ K and all I, J ∈F(D):
(1) (aD)∗ = aD and (aI)∗ = aI ∗,
(2) I ⊆ I ∗, and if I ⊆ J , then I ∗ ⊆ J ∗, and
(3) (I ∗)∗ = I ∗.
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I = (a1, . . . , an)∗ for some (0) = (a1, . . . , an) ⊆ I . Given any star-operation ∗ on D, we
can construct two new star-operations ∗s and ∗w on D induced by ∗. The ∗s -operation
is defined by I ∗s =⋃{(a1, . . . , an)∗ | (0) = (a1, . . . , an) ⊆ I } and the ∗w-operation is de-
fined by I ∗w = {x ∈ K | xJ ⊆ I for J a nonzero finitely generated ideal of D with J ∗ = D}
for all I ∈F(D). A star-operation ∗ is said to be of finite character if ∗ = ∗s . Note that ∗s
and ∗w are of finite character and if I is finitely generated, then I ∗ = I ∗s . Also, note that
if ∗ = ∗s , then I ∗ is of finite type ⇔ I ∗ = (a1, . . . , an)∗ for some (0) = (a1, . . . , an) ⊆ I .
Let ∗-Max(D) denote the set of ∗-ideals of D maximal among proper integral ∗-ideals
of D. It is known that ∗s -Max(D) = ∅ when D is not a field, ∗w-Max(D) = ∗s -Max(D)
[3, Theorem 2.16], and I ∗w =⋂P∈∗s-Max(D) IDP [3, Corollary 2.10].
The most well-known examples of star-operations are the v-, t-, w-, and d-operations.
The v-operation is defined by Iv = (I−1)−1, where I−1 = {x ∈ K | xI ⊆ D}, whereas vs
(respectively, vw) is the so-called t-operation (respectively, w-operation). The d-operation
is just the identity map on F(D), i.e., Id = I for all I ∈F(D). Clearly d = ds = dw . Let ∗
and ∗1 be star-operations on D. We mean by ∗ ∗1 that I ∗ ⊆ I ∗1 for all I ∈F(D). Clearly
∗w  ∗s  ∗; hence d  w  t  v. It is also obvious that if ∗ ∗1, then ∗s  (∗1)s and
∗w  (∗1)w ; in particular, since d  ∗ v, we have d  ∗s  t and d  ∗w w.
Let ∗ be a star-operation on D. Then D is called a ∗-Noetherian domain if D has
the ascending chain condition on integral ∗-ideals of D. It is well known that D is a ∗-
Noetherian domain if and only if every integral ∗-ideal of D is of finite type and that if
D is a ∗-Noetherian domain, then ∗ = ∗s [41, Theorem 1.1]. Recall that a ∗-Noetherian
domain D is a Mori domain if ∗ = v (or if ∗ = t); D is a strong Mori domain (SM domain)
when ∗ = w; and D is just the usual Noetherian domain when ∗ = d . It is clear that if D
is a ∗1-Noetherian domain, then D is also a ∗2-Noetherian domain for any star-operations
∗1  ∗2 on D. Thus “Noetherian domain ⇒ SM domain ⇒ Mori domain.”
Let X be an indeterminate over D, Af the content of a polynomial f ∈ D[X],
S = {f ∈ D[X] | Af = D}, and Nv = {f ∈ D[X] | (Af )v = D}. It is well known that
D is a Noetherian domain ⇔ every prime ideal of D is finitely generated (Cohen’s the-
orem) and if D is a Noetherian domain, then D[X] is also a Noetherian domain (Hilbert
Basis Theorem). As the SM domain analogue, Wang and McCasland proved that D is an
SM domain ⇔ every prime w-ideal of D is of finite type [39, Theorem 4.3] and that if D
is an SM domain, then D[X] is also an SM domain [40, Theorem 1.13]. Recall that any
localization DN of a Noetherian domain (respectively, an SM domain) D is a Noetherian
domain [26, Theorem 85] (respectively, an SM domain [39, Proposition 4.7]). Also, recall
that a nonzero ideal I of D is finitely generated ⇔ ID[X]S is finitely generated [2, The-
orem 2.2(2)] and Iw is of finite type ⇔ ID[X]Nv is finitely generated [7, Lemma 2.1(4)];
hence D is a Noetherian domain (respectively, an SM domain) if D[X]S (respectively,
D[X]Nv ) is a Noetherian domain. Thus D is a Noetherian domain (respectively, an SM
domain) ⇔ every prime ideal (respectively, prime w-ideal) of D is finitely generated (re-
spectively, of finite type) ⇔ D[X]S (respectively, D[X]Nv ) is a Noetherian domain. This
result cannot be generalized to Mori domains. For example, Z+XR[X] is a non-Mori do-
main whose prime t-ideals are of finite type (see, for example, [29, Example, p. 564] or [8,
Example 5.2]). For another example, let D be a Mori domain such that D[X] is not a Mori
domain (see [36, Theorem 8.4] or [5, p. 66] for such an integral domain). Then D[X]Nv is
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domain; hence D[X]Nv is not Noetherian.
Let ∗ be a star-operation on D, N∗ = {f ∈ D[X] | (Af )∗ = D}, and I ∈ F(D). Recall
that I =⋂M∈Max(D) IDM = ID[X]S ∩K and Iw =⋂M∈t-Max(D) IDM = ID[X]Nv ∩K .
Also, note that I ∗w =⋂M∈∗s-Max(D) IDM = ID[X]N∗ ∩ K (see Lemma 2.3) and if D is
a ∗w-Noetherian domain, then DP is a Noetherian domain for each maximal ∗w-ideal P
of D [1, Corollaries 4.2 and 4.3]. These observations lead us to ask whether D is a ∗w-
Noetherian domain if and only if every prime ∗w-ideal of D is of finite type, if and only if
D[X]N∗ is a Noetherian domain. The purpose of this paper is to give an affirmative answer
to this question for an arbitrary set of indeterminates.
Let X be a nonempty set of indeterminates over D, Af the content of a polynomial
f ∈ D[X], and N∗ = {f ∈ D[X] | (Af )∗ = D}. In Section 2, we show that D is a ∗w-
Noetherian domain if and only if each prime ∗w-ideal of D is of finite type, if and only
if D[X]N∗ is a Noetherian domain. We also define the ∗w-dimension and show that if D
is a ∗w-Noetherian domain, then ∗w-dim(D) = dim(D[X]N∗). In Section 3, we introduce
the concept of ∗-linked overrings, which is the generalization of the notion of t-linked
overrings, and show that the ∗-linkedness coincides with the (∗, t)-linkedness introduced
by El Baghdadi and Fontana [11]. For a ∗-linked overring R of D, let I ∗D = IR[X]N∗ ∩K
for all I ∈F(R); then ∗D is a star-operation on R and ∗D = (∗D)w . As the generalization
of global transforms, we define the ∗-global transform D∗g of D. Let R be a ∗-linked
overring of D with R ⊆ D∗g or R = (D[u1, . . . , un])[X]N∗ ∩ K for u1, . . . , un ∈ K . We
prove that if D is a ∗w-Noetherian domain, then R is a ∗D-Noetherian domain. Finally,
in Section 4, we study the ∗w-integral closure. In particular, we show that the ∗w-integral
closure D[∗w] of a ∗w-Noetherian domain D is a Krull domain and if ∗w-dim(D) 2, then
D[∗w] is a ∗D-Noetherian domain.
Throughout this paper, D denotes an integral domain, qf(D) is the quotient field of D,
X is an indeterminate, and X is a nonempty set of indeterminates. For a polynomial f ∈
qf(D)[X], the content Af of f is the fractional ideal of D generated by the coefficients
of f . An overring of D means a ring between D and qf(D). The reader can be referred
to [1,3,11,18,23] for star-operations, to [1,3,7,12,32–34,39–41] for ∗-Noetherian domains,
and to [2,7,16,18,25] for the ring D[X]N∗ . For any undefined terminology or notation, see
[18,26].
2. ∗w-Noetherian domains
Let D be an integral domain with qf(D) = K , X a nonempty set of indeterminates
over D, ∗ a star-operation on D, and N∗ = {f ∈ D[X] | (Af )∗ = D}. Recall that for any
f,g ∈ D[X], Afg ⊆ AfAg ⊆ D and Am+1f Ag = Amf Afg for some integer m  1 [18,
Corollary 28.3]. Hence N∗ is a saturated multiplicative subset of D[X], and since ∗s -
Max(D) = ∗w-Max(D), N∗ = N∗s = N∗w . The ring D[X]Nd , denoted by D(X), is called
the Nagata ring of D (see [18, §33]). It is well known that any invertible ideal of D[X]N∗
is principal [25, Theorem 2.14] and that D is a Prüfer domain (respectively, Prüfer v-
multiplication domain) if and only if D(X) (respectively, D[X]Nv ) is a Prüfer domain [18,
Theorem 33.4] (respectively, [25, Theorem 3.7]).
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Theorem 2.1. The following statements are equivalent for an integral domain D.
(1) D is a Noetherian domain (respectively, an SM domain).
(2) Each prime ideal (respectively, prime w-ideal) of D is finitely generated (respectively,
of finite type).
(3) D[X]S (respectively, D[X]Nv ) is a Noetherian domain, where S = {f ∈ D[X] |
Af = D} (respectively, Nv = {f ∈ D[X] | (Af )v = D}).
Proof. Noetherian domain case. (1) ⇔ (2). See [26, Theorem 8].
(1) ⇒ (3). This is [20, Theorem 6].
(3) ⇒ (1). Let I be a nonzero integral ideal of D. Then ID[X]S is finitely generated
by (3), and hence I is finitely generated (cf. [2, Theorem 2.2(2)] for one indeterminate).
Thus D is a Noetherian domain.
SM domain case. See [39, Theorem 4.3] for (1) ⇔ (2) and [7, Theorem 2.2] for
(2) ⇔ (3). 
Lemma 2.2. Let ∗ be a star-operation on an integral domain D and N∗ = {f ∈ D[X] |
(Af )
∗ = D}. Then {P [X]N∗ | P ∈ ∗s -Max(D)} is the set of maximal ideals of D[X]N∗ .
Proof. This appears in [25, Proposition 2.1]. 
Our next result is the generalization of [7, Lemma 2.1] to an arbitrary star-operation,
which is essential in the subsequent arguments. The proof is similar to that of [7,
Lemma 2.1]. In particular, Lemma 2.3(2) was proved by Fontana and Loper for more gen-
eral setting of semistar operation [16, Proposition 3.4].
Lemma 2.3. Let ∗ be a star-operation on an integral domain D, I a nonzero fractional
ideal of D, and N∗ = {f ∈ D[X] | (Af )∗ = D}.
(1) I ∗w =⋂P∈∗s -Max(D) IDP =⋂P∈∗w-Max(D) IDP .(2) ID[X]N∗ ∩ qf(D) = I ∗w and I ∗wD[X]N∗ = ID[X]N∗ .
(3) I ∗w is of finite type if and only if ID[X]N∗ is finitely generated.
Proof. (1) [3, Corollary 2.10 and Theorem 2.16].
(2) If P is a prime ideal of D, then ID[X]P [X] ∩qf(D) = IDP [7, Lemma 1.3(1)]. Thus
by (1), Lemma 2.2, and [18, Theorem 4.10], we have
ID[X]N∗ ∩ qf(D) =
( ⋂
P∈∗s -Max(D)
(
ID[X]N∗
)
P [X]N∗
)
∩ qf(D)
=
(⋂
ID[X]P [X]
)
∩ qf(D) =
⋂(
ID[X]P [X] ∩ qf(D)
)P P
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P
IDP = I ∗w .
In particular, I ⊆ I ∗w implies ID[X]N∗ = I ∗wD[X]N∗ .
(3) Assume that I ∗w is of finite type, and let J ⊆ I be a (nonzero) finitely generated
ideal of D such that I ∗w = J ∗w . Then by (2), ID[X]N∗ = I ∗wD[X]N∗ = J ∗wD[X]N∗ =
JD[X]N∗ . Thus ID[X]N∗ is finitely generated. Conversely, suppose that ID[X]N∗ is fi-
nitely generated, and let f1, . . . , fk ∈ ID[X] such that ID[X]N∗ = (f1, . . . , fk)D[X]N∗ .
Let J ′ = Af1 + · · · + Afk . Then J ′ ⊆ I is finitely generated and ID[X]N∗ = J ′D[X]N∗ .
Thus I ∗w = ID[X]N∗ ∩ qf(D) = J ′D[X]N∗ ∩ qf(D) = (J ′)∗w by (2). 
Lemma 2.4. Let {X1, . . . ,Xn,X} be a set of indeterminates over an integral domain D.
If f = ∑si=1 fiXλ1i1 Xλ2i2 · · ·Xλnin ∈ D[X][X1, . . . ,Xn], where f1, . . . , fs ∈ D[X] and
(λ1i , . . . , λni) = (λ1j , . . . , λnj ) if i = j , then Af = Af1 + · · · +Afs .
Proof. Let fi = ai0 + ai1X + · · · + aikiXki , where each aij ∈ D and ki  0. Then
f =
∑
fiX
λ1i
1 X
λ2i
2 · · ·Xλnin
=
∑(
ai0 + ai1X + · · · + aikiXki
)
X
λ1i
1 X
λ2i
2 · · ·Xλnin
=
∑
i
(∑
j
aijX
jX
λ1i
1 X
λ2i
2 · · ·Xλnin
)
=
∑
i,j
aijX
jX
λ1i
1 X
λ2i
2 · · ·Xλnin .
Obviously, XjXλ1i1 X
λ2i
2 · · ·Xλnin = Xm
′
X
λ1m
1 X
λ2m
2 · · ·Xλnmn ⇔ j = m′ and λki = λkm for
k = 1, . . . , n. Hence Af = ({aij }), and thus Af = Af1 + · · · +Afs . 
Lemma 2.5. Let ∗ be a star-operation on an integral domain D, X = {Xα} ∪ {X}
a set of indeterminates over D, and N∗ = {f ∈ D[X] | (Af )∗ = D}. Let N = {f ∈
D[X] | (Af )∗ = D}, R = D[X]N , and S = {h ∈ R[{Xα}] | AhR = R}. Then R[{Xα}]S =
D[X]S∩D[X] and D[X]N∗ is a quotient ring of R[{Xα}]S .
Proof. Let S1 = S ∩ D[X]. Then N ⊆ S ∩ D[X] ⊆ S1 since each element of N is a unit
in R (and hence a unit in R[{Xα}]). Note that if h ∈ S, then there is a g ∈ N such that
gh ∈ D[X]; hence R[{Xα}]S = R[{Xα}]S1 = D[X]S1 .
For any f ∈ S1, let f =∑ni=1 fiXλ1iα1 · · ·Xλkiαk , where each fi ∈ D[X], Xαi ∈ {Xα},
and (λ1i , . . . , λki) = (λ1j , . . . , λkj ) if i = j . Then AfR = (f1, . . . , fn)R = R since f ∈
S1 ⊆ S, and hence (f1, . . . , fn)  P [X] for all P ∈ ∗s -Max(D) by Lemma 2.2. Also, since
Af = Af1 + · · · + Afn by Lemma 2.4, we have (Af )∗ = (Af1 + · · · + Afn)∗ = D. Hence
S1 ⊆ N∗, and thus D[X]N∗ is a quotient ring of D[X]S = R[{Xα}]S . 1
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of [26, Theorems 7 and 69].
Theorem 2.6. Let ∗ be a star-operation on an integral domain D. Then the following
statements are equivalent.
(1) D is a ∗w-Noetherian domain.
(2) Each prime ∗w-ideal of D is of finite type.
(3) D[X]N∗ is a Noetherian domain, where N∗ = {f ∈ D[X] | (Af )∗ = D}.
Proof. (1) ⇒ (3). Suppose that D is a ∗w-Noetherian domain.
Case 1. |X| = 1. Let D[X] = D[X]. It suffices to show that each nonzero integral ideal of
D[X]N∗ is finitely generated. Let C be a nonzero integral ideal of D[X]N∗ ; then C = JN∗ =
JD[X]N∗ , where J is a nonzero integral ideal of D[X] [18, Theorem 4.4(2)]. Let In =
({the leading coefficients of polynomials of degree  n in J })∗w , and let I =⋃n0 In.
Then all the In are finite type ∗w-ideals of D because D is a ∗w-Noetherian domain. Note
that {In}n0 is a chain of ∗w-ideals and the ∗w-operation is of finite character; hence I
is also a finite type ∗w-ideal. Let f1, . . . , fk ∈ J be polynomials such that ({the leading
coefficients of f ’s })∗w = I , and let N = max{deg(fi)}. For each j from 0 to N − 1,
pick gj1, . . . gjkj ∈ J such that ({the leading coefficients of gj ’s})∗w = Ij . We claim that
JN∗ = ({fi, gjm})D[X]N∗ ; so C = JN∗ is finitely generated.
Let A = ({fi, gjm}), and let M be a maximal ideal of D[X]N∗ . Then M = P [X]N∗ for
some P ∈ ∗s -Max(D) by Lemma 2.2. Note that DP is a Noetherian domain [1, Corollar-
ies 4.2 and 4.3]; so DP [X] is Noetherian by Hilbert Basis Theorem. Also, note that IDP is
generated by the leading coefficients of the f ’s and each IjDP is generated by the leading
coefficients of the gj ’s (cf. [1, Theorem 1]). Hence JDP [X] = ADP [X] (see the proof of
[26, Theorem 69]), and thus
(
JD[X]N∗
)
M
= (JD[X]N∗)P [X]N∗ = JD[X]P [X] =
(
JDP [X]
)
PDP [X]
= (ADP [X])PDP [X] = AD[X]P [X] =
(
AD[X]N∗
)
P [X]N∗
= (AD[X]N∗)M.
Thus by [18, Theorem 4.10],
JN∗ = JD[X]N∗ =
⋂
M∈Max(D)
(
JD[X]N∗
)
M
=
⋂
M∈Max(D)
(
AD[X]N∗
)
M
= AD[X]N∗ =
({fi, gjm})D[X]N∗ .
Case 2. |X|  2. For any X ∈ X, let N = {f ∈ D[X] | (Af )∗ = D}, R = D[X]N , X1 =
X \ {X}, and S = {g ∈ R[X1] | AgR = R}. Then R is a Noetherian domain by Case 1,
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domain [26, Theorem 85] since D[X]N∗ is a quotient ring of R[X1]S (Lemma 2.5).
(3) ⇒ (1) and (2). Suppose that D[X]N∗ is a Noetherian domain, and let I be an in-
tegral ∗w-ideal of D. Then ID[X]N∗ is finitely generated, and thus I is of finite type by
Lemma 2.3(3).
(2) ⇒ (1). Let S be the set of proper integral ∗w-ideals of D that are not of finite type.
Assume that S = ∅. Let {Iα} be a chain of ∗w-ideals in S , and let I =⋃ Iα . Since the
∗w-operation is of finite character, I is also a ∗w-ideal of D, and I ∈ S (for I /∈ S ⇔ I is
of finite type ⇒ I = Iα for some α; so Iα /∈ S). Hence by Zorn’s lemma, S contains at least
one maximal element. Let P be a maximal element of S . Then by (2), P is not a prime ideal
of D, whence there are elements a, b ∈ D such that ab ∈ P , but a, b /∈ P . The maximality
of P ensures that (P, a)∗w is of finite type; so there are elements x1, x2, . . . , xn ∈ P such
that (P, a)∗w = (x1, . . . , xn, a)∗w . Now, let J = {x ∈ D | xa ∈ P }. Then aJ ∗w = (aJ )∗w ⊆
P ∗w = P , and hence J = J ∗w . Moreover, since P  (P, b) ⊆ J , the maximality of P
implies that J is a finite type ∗w-ideal; so J = (J0)∗w for a finitely generated ideal J0 of D.
Let y ∈ P , and let M be a maximal ∗w-ideal of D. Then y ∈ (P, a)∗wDM =
(x1, . . . , xn, a)∗wDM = (x1, . . . , xn, a)DM [1, Theorem 1]; so y = 1s (u1x1 + · · ·+ unxn + ua) for some s ∈ D \ M and u1, . . . , un,u ∈ D. Note that ua = sy − (u1x1 +
· · · + unxn) ∈ P ; so u ∈ J , and hence y ∈ (x1, . . . , xn, Ja)DM . Hence PDM ⊆ (x1, . . . ,
xn, Ja)DM , and since (x1, . . . , xn, Ja) ⊆ P , we have PDM = (x1, . . . , xn, Ja)DM . Note
that (J0)∗wDM = J0DM [1, Theorem 1]; hence PDM = (x1, . . . , xn, a(J0)∗w)DM =
(x1, . . . , xn, aJ0)DM . Thus by Lemma 2.3(1),
P =
⋂
M∈∗w-Max(D)
PDM =
⋂
M∈∗w-Max(D)
(x1, . . . , xn, aJ0)DM = (x1, . . . , xn, aJ0)∗w ,
and hence P is of finite type, a contradiction. Thus S = ∅, and each ∗w-ideal of D is of
finite type. 
It is well known that an ideal I of a Noetherian ring R can be written as a finite intersec-
tion of primary ideals; I has a finite number of minimal prime ideals; and if P is a prime
ideal of R minimal over an n-generated ideal, then ht(P ) n. This was generalized to SM
domains by Wang and McCasland [39,40] and to ∗w-Noetherian domains by Anderson and
Cook [3, Corollary 3.7].
Corollary 2.7. Let ∗ be a star-operation on an integral domain D. If D is a ∗w-Noetherian
domain, then
(1) Each ∗w-ideal of D has a primary decomposition.
(2) Each ∗w-ideal of D has a finite number of minimal prime ideals.
(3) If P is a prime ∗w-ideal of D minimal over an n-generated ideal, then htP  n.
Proof. This is an immediate consequence of Theorem 2.6 and the well-known properties
of Noetherian rings. Or see the proof of [7, Corollary 2.3]. 
Let D[[X]]1 be the first type power series ring over an integral domain D, i.e., D[[X]]1 =⋃
D[[Γ ]], where Γ runs over all finite subsets of X. Park showed that if D is an SM do-Γ
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D such that D[[X]] is not an SM domain [34, Theorem 10]. Let ∗ be a star-operation on D,
and recall that any ∗w-Noetherian domain is an SM domain. So if D is a ∗w-Noetherian
domain, then D[[X]]1 is a Mori domain. We next give a simple proof of Park’s results.
Corollary 2.8. Let ∗ be a star-operation on an integral domain D. If D is a ∗w-Noetherian
domain, then D[[X]]1 is a Mori domain.
Proof. Let t be an indeterminate over D with t /∈ X, and let N = {f ∈ D[t] | (Af )∗ = D}.
Then D[t]N is a Noetherian domain by Theorem 2.6, and hence (D[t]N)[[X]]1 is an SM do-
main [32, Proposition 4.9]. Let K = qf(D), and note that K[[X]]1 is a Mori domain. Also,
note that (D[t]N)[[X]]1 ∩K[[X]]1 = D[[X]]1 because D[t]N ∩K = D (cf. Lemma 2.3(2)).
Thus D[[X]]1 is a Mori domain ([35, Théorème 1] or [5, Theorem 2.4]). 
Recall that an integral domain D is called a t-locally Noetherian domain if DP is
Noetherian for all P ∈ t-Max(D). For any star-operation ∗ on D, we will call D a ∗s -
locally Noetherian domain if DP is Noetherian for all P ∈ ∗s -Max(D). Note that if D
is a ∗w-Noetherian domain, then D is a ∗s -locally Noetherian domain [1, Corollaries 4.2
and 4.3]. Also, note that if each nonzero nonunit of D belongs to only finitely many max-
imal ∗s -ideals of D, then a ∗s -locally Noetherian domain is a ∗w-Noetherian domain (cf.
[12, Proposition 3.8]). In particular, (#) D is an SM domain ⇔ D is a t-locally Noetherian
domain and each nonzero nonunit of D lies in only finitely many maximal w-ideals of D
[40, Theorem 1.9] ⇔ D is a t-locally Noetherian Mori domain [7, Theorem 2.2]. We next
give two examples which show that (#) does not hold for the d-operation.
Example 2.9. (1) Let D be a local Noetherian domain. Then D[X] is a Noetherian domain
(Hilbert Basis Theorem), but each nonunit of D belongs to infinitely many maximal ideals
of D[X].
(2) Let G be a torsion-free abelian group of rank two such that each rank one subgroup
of G is cyclic, but G is not finitely generated (see [17, §88] for such an abelian group).
Let D = R[X;G] be the group ring of G over the field R of real numbers. Then D is
a two-dimensional non-Noetherian factorial domain [19, Theorem 2], and hence D is a
t-locally Noetherian Mori domain. However, since D is a locally Noetherian domain [6,
Theorem A], D is a locally Noetherian Mori domain, but not a Noetherian domain.
Let ∗ be a star-operation on D, and let P be a nonzero prime ideal of D. In [37],
Wang defined the w-dimension of D to be w-dim(D) = sup{ht(P ) | P ∈ w-Max(D)} be-
cause Pw = P if and only if Pw  D. Note that P ∗w = P if and only if P ∗w  D by
Lemma 2.3(1); hence any nonzero prime ideal of D contained in a proper integral ∗w-ideal
of D is a ∗w-ideal. As the ∗w-operation analogue, we define the ∗w-dimension of D to be
∗w-dim(D) = sup{ht(P ) | P ∈ ∗w-Max(D)} (cf. [12, Lemma 2.11]).
Corollary 2.10. Let ∗ be a star-operation on an integral domain D and N∗ = {f ∈ D[X] |
(Af )
∗ = D}. If D is a ∗w-Noetherian domain, then ∗w-dim(D) = dim(D[X]N∗).
224 G.W. Chang / Journal of Algebra 297 (2006) 216–233Proof. Note that P [X]N∗ is a proper prime ideal of D[X]N∗ for each prime ∗w-ideal
of D (cf. Lemma 2.2); hence ∗w-dim(D)  dim(D[X]N∗). For the reverse inequality,
recall that if Q is a maximal ideal of D[X]N∗ , then Q = P [X]N∗ for some P ∈ ∗w-
Max(D) (Lemma 2.2). Also, note that (D[X]N∗)P [X]N∗ = D[X]P [X] = DP [X]PDP [X] and
DP is Noetherian [1, Corollaries 4.2 and 4.3]. Hence ht(Q) = dim(DP [X]PDP [X]) =
ht(PDP [X]) = ht(PDP ) = ht(P )  ∗w-dim(D), where the third equality follows from
[7, Lemma 1.2(1)]. Thus dim(D[X]N∗) ∗w-dim(D). 
3. ∗-Linked overrings
Let ∗ be a star-operation on an integral domain D with qf(D) = K , X an indeterminate
over D, N∗ = {f ∈ D[X] | (Af )∗ = D}, and R an overring of D. Recall that R is said to be
t-linked over D if I−1 = D for I a nonzero finitely generated ideal of D implies (IR)−1 =
R; equivalently, if (Q ∩D)t  D for each prime t-ideal Q of R [10, Proposition 2.1]. Let
GV (D) be the set of nonzero finitely generated ideals J of D with J−1 = D (equivalently,
Jv = D). Then Rw = {x ∈ K | xJ ⊆ R for some J ∈ GV (D)} is the smallest t-linked
overring of D containing R [7, Remark 3.3]. It is known that R = Rw if and only if R is
t-linked over D, if and only if R[X]Nv ∩K = R [7, Proposition 3.1 and Lemma 3.2].
Let R∗w = {x ∈ K | xJ ⊆ R for some J ∈ GV ∗(D)}, where GV ∗(D) is the set of
nonzero finitely generated ideals J of D with J ∗ = D. Then R∗w = R[X]N∗ ∩ K . (For
if u = h
g
∈ R[X]N∗ ∩ K , where h ∈ R[X] and g ∈ N∗, then Ag ∈ GV ∗(D) and uAg =
Ah ⊆ R. Thus u ∈ R∗w . Conversely, if a ∈ R∗w , then aJ ⊆ R for some J ∈ GV ∗(D). Let
f ∈ D[X] with Af = J ; then f ∈ N∗ and af ∈ R[X]. Thus a = aff ∈ R[X]N∗ ∩ K .) As
a natural generalization of t-linkedness, we define R to be ∗-linked over D if R = R∗w .
Thus R is ∗-linked over D ⇔ R = R∗w ⇔ R = R[X]N∗ ∩K . It is obvious that R∗w [X]N∗ =
R[X]N∗ and R∗w is the smallest ∗-linked overring of D containing R. Also, since N∗ =
N∗s = N∗w , the concepts of the ∗-, ∗s -, and ∗w-linkedness are equal.
Lemma 3.1. Let ∗ be a star-operation on an integral domain D with qf(D) = K , N∗ =
{f ∈ D[X] | (Af )∗ = D}, and R a ∗-linked overring of D. For any nonzero fractional
ideal I of R, let I ∗D = IR[X]N∗ ∩K .
(1) The mapping I → I ∗D is a star-operation on R.
(2) (∗D)w = ∗D .
Proof. (1) Let I and J be nonzero fractional ideals of R and 0 = a ∈ K . First, note that if
a ∈ R with aI ⊆ R, then aI ∗D = a(IR[X]N∗ ∩K) = aIR[X]N∗ ∩K ⊆ R[X]N∗ ∩K = R.
Hence I ∗D is a fractional ideal of R. Next, (aR)∗D = aR[X]N∗ ∩ K = a(R[X]N∗ ∩ K) =
aR, (aI)∗D = aIR[X]N∗ ∩K = a(IR[X]N∗ ∩K) = aI ∗D , I ⊆ IR[X]N∗ ∩K = I ∗D , and if
I ⊆ J , then I ∗D = IR[X]N∗ ∩ K ⊆ JR[X]N∗ ∩ K = J ∗D . Finally, since I ∗D ⊆ IR[X]N∗ ,
we have I ∗DR[X]N∗ = IR[X]N∗ ; hence (I ∗D)∗D = I ∗DR[X]N∗ ∩ K = IR[X]N∗ ∩ K =
I ∗D . Thus ∗D is a star-operation.
(2) Let I be a nonzero fractional ideal of R and N∗D = {f ∈ R[X] | (Af R)∗D =
R}. Then N∗ ⊆ N∗ since f ∈ N∗ implies AfR[X]N∗ = R[X]N∗ . Hence by (1) andD
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Thus (∗D)w = ∗D . 
Let ∗ be a star-operation on D, and let R1 and R2 be ∗-linked overrings of D. Then by
Lemma 3.1, there is a star-operation ∗i on Ri induced by ∗ for i = 1,2. For convenience,
we will denote these star-operations ∗1 and ∗2 by the same notation ∗D . Recall that ∗w-
Max(D) = ∗s -Max(D) [3, Theorem 2.16]; hence if I is a nonzero finitely generated ideal
of D, then I ∗s = D ⇔ I ∗ = D ⇔ I ∗w = D.
Proposition 3.2. Let ∗ be a star-operation on an integral domain D and R an overring
of D. Then the following statements are equivalent.
(1) R is ∗-linked over D.
(2) For each prime t-ideal Q of R, (Q∩D)∗w  D
(3) For each prime t-ideal Q of R, (Q∩D)∗s  D.
(4) For each nonzero finitely generated ideal I of D, I ∗ = D implies (IR)v = R.
(5) R =⋂{RD\P | P is a prime ∗w-ideal of D}.
Proof. Let K = qf(D), N∗ = {f ∈ D[X] | (Af )∗ = D}, and R∗w = {x ∈ K | xJ ⊆ R for
J a nonzero finitely generated ideal of D with J ∗ = D}.
(1) ⇒ (2). Assume to the contrary that there is a prime t-ideal Q of R such that
(Q ∩ D)∗w = D. Since the ∗w-operation is of finite character, there is a nonzero finitely
generated ideal I ⊆ Q∩D such that I ∗w = D; so IR[X]∩N∗ = ∅ since ID[X] ⊆ IR[X].
Thus by (1) and Lemma 3.1, R = R[X]N∗ ∩ K = IR[X]N∗ ∩ K = (IR)∗D ⊆ (IR)v ⊆ Q,
a contradiction.
(2) ⇔ (3). This follows because ∗w-Max(D) = ∗s -Max(D).
(2) ⇒ (4). Let I be a nonzero finitely generated ideal of D such that I ∗ = D. Assume
(IR)v  R, and let Q be a maximal t-ideal of R containing (IR)v . Then I ⊆ Q ∩ D ⊆
(Q ∩ D)∗w  D by (2), and hence D = I ∗w ⊆ (Q ∩ D)∗w  D, a contradiction. Thus
(IR)v = R.
(4) ⇒ (1). Let u = h
g
∈ R[X]N∗ ∩K , where h ∈ R[X] and g ∈ N∗. Since (Ag)∗ = D, we
have (AgR)v = R by (4); so u ∈ u(AgR)v = (AugR)v = (AhR)v ⊆ R. Hence R[X]N∗ ∩
K ⊆ R, and thus R[X]N∗ ∩K = R.
(2) ⇒ (5). Let T =⋂{RD\P | P is a prime ∗w-ideal of D}; then R ⊆ T . For x ∈ T , let
I = {a ∈ R | ax ∈ R}. Then It = I (since xIt = (xI)t ⊆ Rt = R) and I ∩ D  P for all
prime ∗w-ideals P of D. Hence (I ∩ D)∗w = D, and thus I = R by (2); so x ∈ R. Thus
T ⊆ R.
(5) ⇒ (1). Let x ∈ R∗w , and let J be a nonzero finitely generated ideal of D such
that J ∗ = D and xJ ⊆ R. Since J ∗ = D and J is finitely generated, JDP = DP for
all prime ∗w-ideals P of D; so x ∈ xJDP ⊆ xJRD\P ⊆ RD\P . Hence x ∈⋂{RD\P | P is
a prime ∗w-ideal of D}, and thus x ∈ R by (5). Thus R∗w ⊆ R. The reverse containment is
clear. 
Let ∗ be a star-operation on D and R an overring of D. We say that R is a ∗-overring
of D if I ∗ ⊆ IR for each nonzero finitely generated ideal I of D. It is clear that if ∗1  ∗2
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overring of D with maximal ideal M . Note that V is a ∗w-overring of D if and only
if DP ⊆ V for some maximal ∗w-ideal P of D (cf. [16, Theorem 3.9]). Also, note that
DP ⊆ V ⇔ V = VD\P ⇔ M ∩ D ⊆ P . Thus, as M is a t-ideal of V , by Proposition 3.2
V is a ∗w-overring of D if and only if V is ∗-linked over D (cf. [12, Lemma 2.7]). We next
generalize this result to integral domains whose maximal ideals are t-ideals.
Corollary 3.3. Let ∗ be a star-operation on an integral domain D, and let R be an overring
of D in which each maximal ideal is a t-ideal. Then R is a ∗w-overring of D if and only if
R is ∗-linked over D.
Proof. Suppose that R is a ∗w-overring of D, and let I be a nonzero finitely generated
ideal of D with I ∗ = D. Then, since I ∗w ⊆ IR and I ∗w = I ∗ = D, we have IR = R.
Hence (IR)v = R, and thus R is ∗-linked over D by Proposition 3.2. Conversely, assume
that R is ∗-linked over D. Then the ∗D-operation on R is well defined and (∗D)w = ∗D
(Lemma 3.1). Since each maximal ideal of R is a t-ideal and d  ∗D  t , ∗D-Max(R) is the
set of maximal ideals of R; so ∗D = d (cf. [18, Theorem 4.10]). Let I be a nonzero ideal
of D and N∗ = {f ∈ D[X] | (Af )∗ = D}. Then I ∗w = ID[X]N∗ ∩ qf(D) ⊆ IR[X]N∗ ∩
qf(D) = (IR)∗D = IR by Lemmas 2.3(2) and 3.1. Thus I ∗w ⊆ IR. 
Remark 3.4. Let ∗ be a star-operation on an integral domain D, K = qf(D), GV ∗(D) the
set of nonzero finitely generated ideals J of D with J ∗ = D, N∗ = {f ∈ D[X] | (Af )∗ =
D}, and R an overring of D.
(1) Let R be a ∗-linked overring of D. For any nonzero fractional ideal I of R, let I ∗′ =
{x ∈ K | xJ ⊆ I for some J ∈ GV ∗(D)}; then I ∗′ = IR[X]N∗ ∩ K . Thus the mapping
I → I ∗′ is just the ∗D-operation on R (cf. [38] and [9, Lemma 2.3]).
(2) Let ∗1  ∗2 be star-operations on D, and let N∗i = {f ∈ D[X] | (Af )∗i = D} for
i = 1,2. Then N∗1 ⊆ N∗2 , and hence R(∗1)w = R[X]N∗1 ∩ K ⊆ R[X]N∗2 ∩ K = R(∗2)w .
Thus if R is ∗2-linked over D, then R is also ∗1-linked over D. In particular, any t-linked
overring of D is ∗-linked over D.
(3) Let ∗1 be a star-operation on R. Okabe and Matsuda [31] used ∗ and ∗1 to generalize
the concept of t-linkedness. Recently, El Baghdadi and Fontana [11] also studied the ∗-
linkedness in the more general setting of semistar operations. As in [11], we say that R is
(∗,∗1)-linked to D if I ∗ = D implies (IR)∗1 = R for each nonzero finitely generated ideal
I of D and that R is t-linked to (D,∗) if R is (∗, t)-linked to D. Proposition 3.2 shows
that the notion “R is ∗-linked over D” is equal to the notion “R is t-linked to (D,∗).”
(4) Let R be ∗-linked over D, and let I ∈ GV ∗(D). Since I is finitely generated, there is
an f ∈ D[X] such that Af = I . Clearly, f ∈ N∗ ∩ ID[X] ⊆ N∗ ∩ IR[X]; hence (IR)∗D =
IR[X]N∗ ∩K = R[X]N∗ ∩K = R. Thus R is (∗,∗D)-linked to D.
(5) The proof of Corollary 3.3 shows that each ∗w-overring R of D is ∗-linked over D
without the assumption that each maximal ideal of R is a t-ideal.
(6) The equivalence (1) and (5) of Proposition 3.2 is the star-operation version of [11,
Proposition 3.6] since R is t-linked to (D,∗) ⇔ R is ∗-linked over D by (3).
(7) Let Λ be a nonempty set of prime ∗w-ideals of D, and let T =⋂P∈Λ RD\P . For
a nonzero fractional ideal A of T , put A∗1 =⋂ ARD\P . Then by [1, Theorem 2],P∈Λ
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IRD\P = RD\P for all P ∈ Λ. Hence (IT )∗1 =⋂P∈Λ IRD\P =⋂P∈Λ RD\P = T . More-
over, since ∗1  v, we have (IT )v = T . Thus T is ∗-linked over D by Proposition 3.2 (cf.
[10, Propositions 2.2(b) and 2.9] or [9, Proposition 1.1(2)] for the t-linkedness).
Let D be an integral domain with qf(D) = K . Recall that the global transform of D is
an overring of D defined by Dg = {x ∈ K | xM1 · · ·Mk ⊆ D for some maximal ideals Mi
of D} (see [28] for more general setting of rings with zero divisors). It is known that if
D is a Noetherian domain, then any ring between D and Dg is also a Noetherian domain
[28, Corollary]. It is easy to see that if D is a Noetherian domain with dim(D) = 1, then
Dg = K ; so each overring of D is a Noetherian domain, which is just the Krull–Akizuki’s
theorem [26, Theorem 93]. As the w-operation analogue, Park defined the w-global trans-
form Dwg of D and generalized Matijevic’s results to SM domains [33, Theorem 1.5].
This analogue states that if R is a w-overdomain of an SM domain D with R ⊆ Dwg , then
R is an SM domain. (Recall that R is called a w-overdomain if R = Rw; hence R is a
w-overdomain of D ⇔ R is t-linked over D [7, Proposition 3.1].) In [7, Section 3], we
also studied the w-global transform of D using the ring D[X]Nv .
Let ∗ be a star-operation on D. As the star-operation analogue of global transform, we
define the ∗-global transform of D to be the set D∗g = {x ∈ K | xP1 · · ·Pk ⊆ D for some
Pi ∈ ∗s -Max(D)}. It is easy to see that D∗g is an overring of D and D∗g = D∗sg = D∗wg .
Let ∗1  ∗2 be star-operations on D, and note that if P is a maximal (∗1)s -ideal of D,
then either P (∗2)s = D or P is a maximal (∗2)s -ideal. Thus D∗1g ⊆ D∗2g ; in particular,
Dg ⊆ D∗g ⊆ Dwg .
Lemma 3.5. Let ∗ be a star-operation on an integral domain D, D∗g the ∗-global trans-
form of D, and N∗ = {f ∈ D[X] | (Af )∗ = D}. Then (D[X]N∗)g ∩K = D∗g .
Proof. This follows because Max(D[X]N∗) = {P [X]N∗ | P ∈ ∗s -Max(D)} (Lemma 2.2).
Or see the proof of [7, Lemma 3.2(3)]. 
We next introduce the main results of this section, which are the ∗w-Noetherian do-
main analogues of Matijevic’s result [28, Corollary] and the fact that if D is a Noetherian
domain, then D[u1, . . . , un] is also Noetherian for any u1, . . . , un ∈ qf(D). For the SM
domain version, see [7, Theorem 3.4].
Theorem 3.6. Let ∗ be a star-operation on an integral domain D and D∗g the ∗-global
transform of D. If D is a ∗w-Noetherian domain, then
(1) Each ∗-linked overring R of D with R ⊆ D∗g is a ∗D-Noetherian domain.
(2) (D[u1, . . . , un])∗w is a ∗D-Noetherian domain for any u1, . . . , un ∈ qf(D).
Proof. Let N∗ = {f ∈ D[X] | (Af )∗ = D}.
(1) Note that D[X]N∗ is a Noetherian domain by Theorem 2.6 and D[X]N∗ ⊆ R[X]N∗ ⊆
(D[X]N∗)g by Lemma 3.5; hence R[X]N∗ is Noetherian [28, Corollary]. Let N∗D = {h ∈
R[X] | (AhR)∗D = R}; then N∗ ⊆ N∗ by Remark 3.4(4) since R is ∗-linked over D.D
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Noetherian domain by Theorem 2.6.
(2) Let R = (D[u1, . . . , un])∗w ; then R is ∗-linked over D. Note that R[X]N∗ =
(D[u1, . . . , un])[X]N∗ = (D[X]N∗)[u1, . . . , un]; so R[X]N∗ is a Noetherian domain be-
cause D[X]N∗ is Noetherian (Theorem 2.6). Thus R is a ∗D-Noetherian domain by the
argument given in the proof of (1). 
The Krull–Akizuki’s theorem [26, Theorem 93] states that if D is a Noetherian do-
main with dim(D) = 1, then each overring of D is Noetherian of dimension  1. This was
generalized to SM domains by Martin and Zafrullah. They showed that if D is an SM-
domain with w-dim(D) = 1, then each t-linked overring R of D is an SM domain with
w-dim(R) 1 [27, Lemma 2]. This was also proved by Wang and McCasland [40, Theo-
rem 3.4] and Park [33, Corollary 1.6]. It is well known that each overring of a Noetherian
domain D is Noetherian if and only if dim(D) 1 [26, Exercise 20, p. 64]. Chang proved
that each t-linked overring of D is an SM domain if and only if D is an SM domain with
w-dim(D) 1 [7, Corollary 3.5].
Corollary 3.7. Let D be an integral domain which is not a field, ∗ a star-operation on D,
and N∗ = {f ∈ D[X] | (Af )∗ = D}. Then the following statements are equivalent.
(1) D is a ∗w-Noetherian domain with ∗w-dim(D) = 1.
(2) Each ∗-linked overring of D is a ∗D-Noetherian domain.
(3) D[X]N∗ is a Noetherian domain with dim(D[X]N∗) = 1.
(4) Each overring of D[X]N∗ is a Noetherian domain.
In this case, ∗w = w.
Proof. (1) ⇔ (3). This is an immediate consequence of Theorem 2.6 and Corollary 2.10.
(3) ⇒ (2). Since dim(D[X]N∗) = 1, (D[X]N∗)g = qf(D[X]N∗). Hence D∗g = qf(D)
by Lemma 3.5, and thus each ∗-linked overring of D is a ∗D-Noetherian domain by The-
orem 3.6(1).
(3) ⇔ (4). [26, Theorem 93 and Exercise 20, p. 64].
(2) ⇒ (1). Note that D is ∗-linked over D itself and ∗D = ∗w on D (Lemma 2.3); hence
D is a ∗w-Noetherian domain. Next, assume that ∗w-dim(D)  2, and let (0)  P1  P2
be prime ∗w-ideals of D with P2 ∗w-maximal ideal. Let V be a valuation overring of D
with prime ideals Q1  Q2 such that Qi ∩D = Pi and Q2 is maximal [18, Corollary 19.7].
Since Q2 is a t-ideal, V is ∗-linked over D by Proposition 3.2; hence V is a ∗D-Noetherian
domain. Also, since ∗D  t , Q2 is a ∗D-ideal, and hence V is Noetherian [1, Corollaries 4.2
and 4.3]. Hence dim(V ) = 1, a contradiction. Thus ∗w-dim(D) = 1.
In this case, ∗w-max(D) = w-Max(D) since ∗w-dim(D) = 1 and ∗w  w. Thus
∗w = w. 
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Let D be an integral domain with qf(D) = K and X an indeterminate over D. Re-
call that x ∈ K is integral over D ⇔ xI ⊆ I for some nonzero finitely generated ideal I
of D (cf. [26, Theorem 12]) and x ∈ K is almost integral over D ⇔ xIv ⊆ Iv for some
nonzero ideal I of D (see the proof of [18, Theorem 34.3]). Also, recall that x ∈ K is
pseudo-integral over D ⇔ xIv ⊆ Iv for some nonzero finitely generated ideal I of D [4,
Definition, p. 16]. Let D¯ (respectively, Dc, D˜) be the set of elements in K which are in-
tegral (respectively, almost integral, pseudo-integral) over D. It is well known that D¯, Dc ,
and D˜ are integrally closed overrings of D.
As the star-operation analogue, Okabe and Matsuda introduced the ∗-integral closure.
Let ∗ be a star-operation on D. Following [31], we say that x ∈ K is ∗-integral over D
if xI ∗ ⊆ I ∗ for some nonzero finitely generated ideal I of D. Let D[∗] = {x ∈ K | x is
∗-integral over D}; then D[∗], called the ∗-integral closure of D, is an integrally closed
overring of D [31, Theorems 2.3 and 2.8]. It is clear that if ∗1  ∗2 are star-operations
on D, then D[∗1] ⊆ D[∗2]; hence D ⊆ D¯ ⊆ D[∗w] ⊆ D[∗s ] = D[∗] ⊆ D˜ ⊆ Dc ⊆ K . More-
over, if R is a ∗-Noetherian domain, then D[∗] = Dc since each v-ideal is a ∗-ideal. The
∗-integral closure has been studied by several authors, for example, see [4,9,21,22,31,38].
Let Dw be the w-integral closure of D and Nv = {f ∈ D[X] | (Af )v = D}. It is known
that Dw = D¯[X]Nv ∩ K , Dw[X]Nv = D¯[X]Nv , and Dw is t-linked over D [9, Lemma 1.2
and Theorem 1.3]. Our first result is the ∗w-integral closure analogue of this result. The
proofs are basically the same as those of [9, Lemma 1.2 and Theorem 1.3] if one uses the
∗w-operation, N∗, Lemma 2.3, and Remark 3.4(7) instead of the w-operation, Nv , and [7,
Lemma 2.1], and hence are omitted.
Theorem 4.1. Let ∗ be a star-operation on an integral domain D, D[∗w] the ∗w-integral
closure of D, and N∗ = {f ∈ D[X] | (Af )∗ = D}.
(1) D[∗w] is ∗-linked over D.
(2) D[∗w] = D¯[X]N∗ ∩ qf(D) =
⋂{D¯D\P | P is a maximal ∗w-ideal of D}.
(3) D[∗w][X]N∗ = D¯[X]N∗ .
As in [26, p. 28], INC, GU, and LO denote Incomparability, Going up, and Lying over,
respectively. It is well known that the pair D and D¯ satisfies INC, GU, and LO [26, The-
orem 44]. As the w-integral closure analogue, it is also known that the pair D and Dw
satisfies INC, GU, and LO for prime w-ideals of D [9, Corollary 1.4(3)]. Our next result
is the ∗w-integral closure analogue.
Corollary 4.2. Let ∗ a star-operation on an integral domain D and D[∗w] the ∗w-integral
closure of D.
(1) If D is integrally closed, then D[∗w] = D.
(2) The pair D and D[∗w] satisfies INC, GU, and LO for prime ∗w-ideals of D.
(3) D[∗w] is the intersection of ∗-linked valuation overrings of D.
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of the integral closure. Or see the proof of [9, Corollary 1.4]. 
Remark 4.3. Let D be an integral domain with qf(D) = K , ∗ a star-operation on D, and
D[∗] the ∗-integral closure of D.
(1) Theorem 4.1(1) is the star-operation version of [11, Corollary 3.6] by Remark 3.4(3).
(2) Obviously, (I ∩ J )∗w = I ∗w ∩ J ∗w for all nonzero fractional ideals I and J of D.
Thus Corollary 4.2(1) is a special case of [11, Example 3.4(2)].
(3) Let Kr(D,∗) = {f
g
| 0 = f,g ∈ D[X] and there exists 0 = h ∈ D[X] such that
(Af Ah)
∗ ⊆ (AgAh)∗} ∪ {0}. Then Kr(D,∗) is a Bézout domain and Kr(D,∗)∩K = D[∗]
(cf. [14], [16, Proposition 4.1], or [12, Examples 1.1(8) and Proposition 1.5]). This type
of Kronecker function ring, called the Kronecker function ring of D with respect to ∗, was
introduced by Fontana and Loper [14].
(4) Recall that the ∗-valuation overrings of D correspond exactly to the valuation
overrings of Kr(D,∗) [15, Theorem 3.5]. Also, note that Kr(D,∗) is the intersection of
valuation overrings of Kr(D,∗) [18, Theorem 19.8] since Kr(D,∗) is integrally closed.
Thus D[∗] is the intersection of ∗-valuation overrings of D, which was proved by Halter-
Koch [21, Theorem 3] and Fontana and Loper [15, Corollary 3.6]. Thus Corollary 4.2(3)
is the ∗w-integral closure version of this result by Corollary 3.3.
(5) Assume that D is integrally closed. Let Kr(D,∗w) be the Kronecker function ring
of D with respect to ∗w and N∗ = {f ∈ D[X] | (Af )∗ = D}. Then Kr(D,∗w) ∩ K =
D[∗w] by (3), and hence Kr(D,∗w) ∩ K = D[X]N∗ ∩ K by Theorem 4.1(2). However,
Kr(D,∗w) = D[X]N∗ if and only if D is a P∗MD, if and only if D[X]N∗ is a Prüfer domain
(cf. [13, Theorem 3.1] or [12, Proposition 1.6]); D is a Prüfer ∗-multiplication domain
(P∗MD) if each nonzero finitely generated ideal I of D is ∗s -invertible, i.e., (II−1)∗s = D.
The Mori–Nagata’s theorem states that the integral closure of a Noetherian domain is
a Krull domain [30, Theorem 33.10]. This was generalized to SM domains by Wang and
McCasland. They proved that the w-integral closure of an SM domain is a Krull domain
([40, Theorem 3.5] or [9, Theorem 3.1]). Moreover, if D is a Noetherian domain with
dim(D) 2, then the integral closure D¯ of D is Noetherian [30, Theorems 33.2 and 33.12]
and each Krull overring of D is also Noetherian [24, Theorem 9]. We next generalize these
results to ∗w-Noetherian domains.
Theorem 4.4. Let ∗ be a star-operation on an integral domain D and D[∗w] the ∗w-integral
closure of D. If D is a ∗w-Noetherian domain, then
(1) D[∗w] is a Krull domain.
(2) If ∗w-dim(D)  2, each ∗-linked Krull overring R of D is a ∗D-Noetherian domain
with ∗D-dim(R) 2.
Proof. Let N∗ = {f ∈ D[X] | (Af )∗ = D}, and recall that D[X]N∗ is a Noetherian domain
by Theorem 2.6.
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closure of D[X]N∗ . Thus D¯[X]N∗ [30, Theorem 33.10], and hence D[∗w] [18, Corol-
lary 44.10], is a Krull domain.
(2) Let ∗w-dim(D) 2. Then dim(D[X]N∗) 2 (Corollary 2.10), and hence each Krull
overring of D[X]N∗ is a Noetherian domain of dimension  2 [24, Theorem 9]. Let N =
{f ∈ R[X] | (Af R)∗D = R}; then N∗ ⊆ N by Remark 3.4(4) since R is ∗-linked over D.
Hence R[X]N is a Krull overring of D[X]N∗ [18, Corollary 43.6 and Theorem 43.11], and
thus R[X]N is a Noetherian domain with dim(R[X]N)  2. Thus R is a ∗D-Noetherian
domain with ∗D-dim(R) 2 by Theorem 2.6 and Corollary 2.10. 
Example 4.5. Let K be a field, {Xi | i ∈ N} a set of indeterminates over K , D = K[{Xi}],
and Pi the set of prime ideals P of D with ht(P ) = i. Let ∗i be the star-operation on D
defined by I ∗i =⋂P∈Pi IDP (cf. [1, Theorem 1]). Then
(1) (∗1)w  (∗2)w  (∗3)w  · · · .
(2) (∗i )w-Max(D) =Pi and (∗i )w-dim(D) = i.
(3) D is a (∗i )w-Noetherian domain, but not a Noetherian domain.
(4) D = D¯ = D[(∗i )w] = D˜ = Dc .
Proof. (1) Let I be a nonzero fractional ideal of D. Then I ∗i =⋂P∈Pi IDP =⋂{IDP |
ht(P ) i} ⊇ ∩{IDP | ht(P ) i+1} =⋂P∈Pi+1 IDP = I ∗i+1 . Hence ∗i  ∗i+1, and thus
(∗i )w  (∗i+1)w . Let P = (X1, . . . ,Xi+1); then ht(P ) = i+1 (cf. [7, Lemma 1.2] and [18,
Theorem 30.5]). Since P is finitely generated,
P (∗k)s = P ∗k =
{
P, if i  k,
D, if 1 k  i.
Also, since (∗i+1)w  (∗i+1)s and (∗i )s -Max(D) = (∗i )w-Max(D) [3, Theorem 2.16], we
have P (∗i )w = P (∗i )s = D  P = P (∗i+1)s ⊇ P (∗i+1)w . Thus (∗i )w  (∗i+1)w .
(2) Let Q be a prime ideal of D minimal over a finitely generated ideal I . Then
there is a positive integer m such that I = (I ∩ K[X1, . . . ,Xm])D. Note that (Q ∩
K[X1, . . . ,Xm])D is a prime ideal of D and I ⊆ (Q ∩ K[X1, . . . ,Xm])D ⊆ Q; hence
Q = (Q ∩ K[X1, . . . ,Xm])D. Also, note that Q ∩ K[X1, . . . ,Xm] is finitely generated
since K[X1, . . . ,Xm] is Noetherian. Hence Q is finitely generated, and thus if htQ i+1,
then Q(∗i )s = Q∗i =⋂P∈Pi QDP =⋂P∈Pi DP = D.
Let P be a nonzero prime ideal of D such that P (∗i )w  D. If ht(P ) i + 1, then we
can choose a nonzero prime ideal Q ⊆ P of D with Q(∗i )s = D by the argument given in
the above paragraph. But, since (∗i )s -Max(D) = (∗i )w-Max(D), we have D = Q(∗i )w ⊆
P (∗i )w  D, a contradiction. Thus ht(P )  i. This also implies that (∗i )w-Max(D) = Pi
and (∗i )w-dim(D) = i.
(3) Let Q be a prime (∗i )w-ideal of D. Then htQ  i < ∞ by (2), and hence Q is
finitely generated [7, Lemma 1.2(2)]. Thus by Theorem 2.6, D is a (∗i )w-Noetherian
domain. Moreover, since the ideal ({Xi | i ∈ N}) is not finitely generated, D is not a
Noetherian domain.
232 G.W. Chang / Journal of Algebra 297 (2006) 216–233(4) Let N∗i = {f ∈ D[X] | (Af )∗i = D}. Then, since D is integrally closed, we have
D[(∗i )w] = D[X]N∗i ∩ qf(D) = D by Theorem 4.1(2). Let x ∈ Dc, and let I be a nonzero
ideal of D such that xIv ⊆ Iv . Then, since Iv is a (∗i )w-ideal and D is a (∗i )w-Noetherian
domain by (3), we have x ∈ D[(∗i )w]. Hence Dc ⊆ D[(∗i )w], and thus D[(∗i )w] = D˜ = Dc
because D[(∗i )w] ⊆ D˜ ⊆ Dc. 
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